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and kinetic isotope effects). The intrinsic relationships among temperature (T), 
isotope fractionation factor (α), and three-isotope exponent (θ) in mass-dependent 
elemental processes at equilibrium have not been explored theoretically.

The first accurate model for predicting the separation of isotopes for equi-
librium processes was published independently by Urey (1947) and Bigeleisen and 
Goeppert-Mayer (1947; the B-GM-U model). Their development of the concept 
of reduced partition function ratio (RPFR or (s/s’)f ) allowed for the calculation of 
α between two species using only the harmonic vibrational frequencies for each 
degree of freedom and temperature.

	  
α A−B =

βA
βB 	

Eq. 1

where A and B indicate different chemical species. Using oxygen as an example,
18αA-B = ([18O]/[16O])A/([18O]/[16O])B and 18βA = ([18O]/[16O])A/([18O]/[16O])Atomic-O.  

Under the harmonic approximation, β can be calculated by
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Here, h is the Planck constant, kB is Boltzmann’s constant and T is temperature 
in kelvin, υ is the harmonic vibrational frequency for a specific vibrational degree 
of freedom and the product is taken over all vibrational degrees of freedom, the 
number of which is given by 3n-6 for non-linear molecules and 3n-5 for linear 
molecules where n is the number of atoms in that molecule. The heavy isotope 
substituted state is indicated by “*” and the lack of a superscript indicates the 
reference isotope (commonly the most abundant isotope). The harmonic contri-
bution can be separated into the product of three terms: (a) the Teller-Redlich 
product rule (TRPR) term; (b) the zero-point energy (ZPE) contribution; and 
(c)  non-zero point energy contributions (EXC) (Wolfsberg, 1972). Importantly, 
the β in Equation 2 is modified with a subscript “harm” to indicate that this 
term only represents the contributions to isotope partitioning from the harmonic 
portions of molecular vibrations. The B-GM-U model is successful as it gives the 
dominant contribution to the value of β to a point near or better than analytical 
precision for most isotope systems. However, for molecules bearing light isotopes, 
particularly hydrogen, contributions from anharmonicity, non-classical rotations 
and rotational-vibrational interactions become significant. Modifications of the 
B-GM-U model in the form of multiplicative terms have been developed to correct 
these inaccuracies. Here we use the term “contribution” to specifically indicate 
multiplicative terms. Each contribution (e.g., harmonic vibrational, anharmonic 
vibrational, rotational, imaginary etc.) is treated as having its own parameter, 
such as β, which is only a portion of the complete parameter.
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Introduction

Despite roots in physical chemistry, the study of triple isotope relationships has 
found its most widespread and varied footing in the realm of geochemistry and 
cosmochemistry. Multiple stable isotope ratios have, among other uses, found 
utility as tools to elucidate photochemical (Farquhar et al., 2000; Bao et al., 2008) 
or magnetic isotope effects (Blum et al., 2014) and as an identifying marker for 
extraterrestrial materials (Clayton et al., 1973). Because of advances in analytical 
resolution, now more than ever, it is critical to understand the natural range of 
multiple isotope relationships to further these pursuits. The three isotope rela-
tionship was recently re-investigated for complex processes by Bao et al. (2015) 
using a broadly approximate treatment for elemental processes (i.e. equilibrium 
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Extension to Three Isotope Effects

Transformation of a two-isotope model to a three-isotope model involves 
combining two independently calculated models that use the same reference 
isotope. A key aspect for the B-GM-U model is the mass dependence of isotope 
fractionation due to the mass dependence of vibrational frequencies. This rela-
tionship can be described by an exponent θ where

	   

θ =
ln aA−B

‡

ln aA−B
*

	

Eq. 4

where “‡” and “*” indicate the respective parameters for two different isotope 
ratios of the same element. Due to the use of the “low-u” (see Eq. 3) approxima-
tion of Equation 2, it was commonly believed that the value of the three isotope 
exponent was somewhat constant and later thought to be constrained to a finite, 
“canonical”, range for mass-dependent processes which remains as an accepted 
idea (Swain et al., 1958; Matsuhisa et al., 1978; Young et al., 2002, 2016; Kaiser et al., 
2004). Here, “canonical” refers to a θ value being within certain range represented 
by most of the observed cases and theoretical justifications (e.g., 0.50-0.5305 for 
the 16O-17O-18O system; Eiler et al., 2013).

Using a theoretical framework which represented strictly mass depen-
dent scenarios, Skaron and Wolfsberg (1980) showed theoretically for oxygen 
isotope partitioning that θ can vary from positive to negative infinity for crossover 
scenarios, situations where the fractionation factor α for transitions from greater 
than 1 (heavier isotopes partitioned to A) to less than 1 (heavier isotopes parti-
tioned to B) or vice-versa with changing temperature. Studies investigating these 
scenarios for sulphur (Deines, 2003; Otake et al., 2008) and hydrogen (Kotaka et 
al., 1992) have come to the same conclusion.

Analogously to the concept of β, Cao and Liu (2011) first introduced the 
concept of κ defined as the one species analogue of θ, or

	   
κ = lnβ‡

lnβ*
	

Eq. 5

where β is the one species fractionation factor for the two-isotope system. The 
complete value of κ including all contributions can be calculated by

	   

κComplete =
Σi κ i lnβi

*

Σi lnβi
*

	

Eq. 6

where the sums are taken over all contributions whether they are from correc-
tions (rotational, anharmonic etc.) to the B-GM-U model, from the imaginary 
frequency contribution for a transition state or from independent vibrational 
degrees of freedom. As long as all values of ln b have the same sign, such as for 

harmonic vibrational degrees of freedom, the value of κ for a complex molecule 
is equal to the ln b weighted mean of the κ values from each contribution. The 
relationship between κ and θ is given by (Cao and Liu, 2011)

	   

θ = κ A + κ A – κB( ) lnβB
*

lnα A–B
*

	

Eq. 7

From Equation 7, a large difference in the values of κ between phases A and B 
allows for a larger variability in the value of θ particularly where α is near unity. 
The only scenario which would not allow the above conditions to occur for any 
system would be if the values of κ and β were related by an explicit function of 
one-another which could be universally applied to all species. This hypothetical 
case is invalid (see Fig. 1a) because the relationship between vibrational frequen-
cies of differently substituted molecules is a function of not only the mass of the 
substituted atom, but also the molecular configuration, bond force constants, 
and masses of secondary, non-substituted atoms. Additional evidence against a 
universal κ - β* relationship can be found in studies implicating crossovers for θ 
values approaching infinity (Kotaka et al., 1992; Deines, 2003; Otake et al., 2008).

Theoretical Values of 

The complete equation for the harmonic contribution to κ for a single degree of 
freedom is given by
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Eq. 8

which can be separated into terms that correspond to the contributions from 
TRPR, ZPE and EXC with each having their own mass dependence. At high 
temperatures, the contribution from energised states (EXC) dominates the 
harmonic κ. In this instance the values of u become very small and

	   
κHTL =

1/ m – 1/ m‡

1/ m – 1/ m*
	

Eq. 9
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where m, m‡ and m* are the masses of the light, middle and heavy isotopes respec-
tively. Equation 9 serves as an upper bound of its value for diatomic molecules at 
all temperatures (e.g., kHTL ≈ 0.5305 for the 16O-17O-18O system). At low tempera-
tures, the contribution from ZPE dominates the harmonic κ. For a diatomic 
molecule under these conditions

	   

κLT −D =
1/ μ – 1/ μ‡

1/ μ – 1/ μ*
	

Eq. 10

where μ is the reduced mass (μ = m M / [m + M] for a diatomic molecule where 
M is the secondary, non-substituted mass). In this case, the value of κ decreases 
with increasing mass of the non-substituted atom (Cao and Liu, 2011). The limit 
of Equation 10 as the non-substituted mass approaches infinity is then

	   

κLL =
1/ m – 1/ m‡

1/ m – 1/ m*
	

Eq. 11

which serves as an unattainable lower boundary of κ for diatomic molecules (e.g., 
kLL ≈ 0.5232 for the 16O-17O-18O system). Equation 10 is the same as the approxima-
tion to the mass fractionation law used by Swain et al. (1958) for triple-hydrogen 
system. Using the arguments of Swain et al. (1958), it is expected that polyatomic 
molecules will behave within or near the diatomic boundaries of κharm presented 
here. For all calculated results for hypothetical diatomic molecules, the values of 
κharm are found to not exceed the boundaries given by Equations 9 and 11.

Figure 1 displays the relationships between (a) β and κ and (b) θ and α for 
equilibrium between hypothetical diatomic molecules containing oxygen under 
the harmonic approximation with temperature plotted as colour. A key finding 
here is that the diatomic model allows θ to hold any value for small fractionations. 
Polyatomic molecules incorporate additional degrees of freedom which will 
weaken the relationship between κ and β. Therefore, this result is a conservative 
estimate of the distribution of θ. Much like values of α for a two isotope system, 
the variability of θ becomes greater at lower temperatures. Because anharmonic 
corrections are small relative to the harmonic contribution and have a similar 
mass dependency, anharmonic corrections do not have a significant effect on 
the distribution of θ values. The effects of anharmonic corrections are addressed 
in more depth in the Supplementary Information. For kinetic isotope effects, 
the value of κ for the transition states imaginary frequency contribution is also 
discussed in the Supplementary Information. The results indicate that values of 
θ for kinetic isotope effects are more variable and on average, but not strictly, 
lower than those of equilibrium isotope effects.

Figure 1 	 (a) β18 vs. κ and (b) Equilibrium α18 vs. θ plots for randomly selected hypothetical 
diatomic molecules under the harmonic approximation in the 16O-17O-18O system. Temperature 
is plotted as colour on the same scale for both plots. The model uses 1,000,000 evenly distrib-
uted randomly generated values for the secondary mass (0-300 AMU), the bond force constant 
(0-kUL), and temperature (200-1600 oK). The bond force constant for carbon monoxide (CO) is 
used as an arbitrary upper limit (UL) for the bond force constant for diatomic oxygen species.

Change/Difference in Cap-Delta

Although κ is expected to be bounded to a first-order approximation by the 
high temperature and lower limits as described above, the more common mass-
dependent fractionation exponent, θ, is not. What is needed is an additional 
descriptor for multiple isotope fractionation relationships that is bounded for 
small isotope effects.

Measured multiple isotope relationships are commonly expressed in the 
“cap-delta” notation.

	   
D‡M = ln Rsample

‡ Rstandard
‡( ) – C ln Rsample

* Rstandard
*( )

	
Eq. 12

typically either in “per mille” or “per meg”, where C is a somewhat arbitrary 
constant and R is the molar ratio of one isotope and a reference isotope of the 
same element. For example, D‡M becomes Δ17O for the 16O-17O-18O system and 
ln (R‡

sample/R
‡
standard) = d’17 O.

The change, or difference in cap-delta, i.e. D(D‡M) through a fractionation 
process is then

	   
D D‡ M( ) = lnα A–B

‡ – C lnα A–B
*

	 Eq. 13

or reduced to more fundamental parameters
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D D‡ M( ) = C – κB( ) lnβB

* – C – κ A( ) lnβA
*

	 Eq. 14

Current analytical precision for D‡M can be as low as 0.002 ‰ depending on the 
element, technique, and species analysed allowing for the resolution of D(D‡M) 
well within the natural range for many commonly explored light elements (e.g., 
for oxygen in Fig. 2). Using the 16O-17O-18O system as an example, if the arbitrary 
upper limit of β is given as 1.100 and using the boundaries of κ proposed above 
for equilibrium (0.5232 to 0.5305), a potential range of Δ(Δ17O) is then about 
±0.7 ‰ (C = 0.5305). The ends of this range are not realistic except at very low 
temperatures (<<0 °C) where values of β become larger and more variable and the 
lower boundary of κ becomes more obtainable. A more realistic range for equi-
librium between natural samples is likely in the vicinity of ±0.3 ‰ (C = 0.5305). 
This value is comparable to measured values for silica-water fractionation near 0 
°C (Sharp et al., 2016). Kinetic isotope effects should have more variable Δ(Δ17O) 
values because of their more variable κ values, however the range is expected to 
be similar to that of equilibrium isotope effects.

Figure 2	 Temperature vs. ∆(∆17O) plot for equilibrium between randomly selected diatomic 
molecules under the harmonic approximation in the 16O-17O-18O system. A C value of 0.5305 
(HTL) is used for the ∆(∆17O) definition. 1000 ln α18 is plotted as colour. The range of ∆(∆17O) 
values in this plot is expected to be an overestimate for natural samples. The points in this 
model each correspond to a point in Figure 1a.

Regardless of the value of C, D(D‡M) will approach a high temperature 
limit of 0 because both β values approach a high temperature limit of 1.000. We 
recommend the use of the high temperature limit of κ for C which will ensure 
that the (C-κ) terms in Equation 14 remain positive. For sufficiently different β 
values (i.e. non-small values of ln a*

A-B) the sign of D(D‡M) will be determined 

by the larger β. For positive ln a*
A-B values, D(D‡M) will tend to be negative and 

vice-versa. This trend is not necessarily expected when α is near unity, particularly 
at low temperatures.

Haematite-Water Fractionation

For crossover scenarios, there is a guarantee that the determined α value will be 
near unity. In Bao and Koch (1999) haematite (Fe2O3)-water fractionation was 
measured over a range of near-surface temperatures. Nine samples are selected 
from this study for new triple oxygen isotope analysis. Details of the analysis 
and the tabulated results can be found in the Supplementary Information. The 
new calculated fractionation parameters with their uncertainties and best fits are 
illustrated in Figure 3.

Figure 3	 Three isotope fractionation parameters for haematite synthesis conducted by Bao 
and Koch (1999). Values are calculated from newly measured δ18Ohaematite and δ18Owater values, 
and an assumed Δ17O (C = 0.528) of 0.02 ‰ for the water based on reported Baltimore tap 
water from Li et al. (2015). ∆(∆17O) are reported using C = 0.5305. The method for calculating 
uncertainties can be found in the Supplementary Information. Best fit curves for the ln (α) 
values are second order polynomials of 1/T. The best fit curves for ∆(∆17O) and θ are calculated 
from the fits to ln (α).
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From the calculated haematite fractionation parameters, it is clear that 
the crossover temperature is different for α17 and α18. With one exception, every 
experimentally measured θ value exists outside of the typical “canonical” range 
of θ (approximately 0.5000 to 0.5305) to beyond 1 σ uncertainties. Despite the 
variability in θ, Δ(Δ17O) values remain within a range of -0.026 ‰ to -0.226 ‰ 
within the theoretically predicted mass dependent range.

Conclusions

Using the simplest application of the B-GM-U model, it is shown theoretically 
that values of the mass fractionation exponent, θ, are unbounded and particularly 
variable for small fractionations and at low temperatures. This is in contrast to the 
mass-fractionation exponent, κ, which is bounded by upper and lower limits. As a 
supplemental mass-fractionation descriptor, Δ(Δ‡M) is suggested on a theoretical 
basis because it remains within a finite range for mass-dependent fractionations. 
The haematite-water system at near surface temperatures is cited as an example 
of deviations from the “canonical” range of θ for oxygen. These deviations are 
found to be consistent with a finite range of Δ(Δ17O). It is our opinion based on the 
results of this study that even for elemental processes the concept of a “canonical” 
range of θ values is not well founded and should be applied with caution.
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